Modulus, Argument, Polar Form, Argand diagram and deMoivre’s Theorem

Find the modulus and argument of

(i ? (i) 1+1—«/§+| (iii) cosO-isin® (iv) 1+itano
—i =i

In (iii) and (iv), 0<e<§ .

Show that :

(i) |z = (RE@)*+ (12))* (i) 1Z12IR@I=R(@) (i) [Z[=]

(iV) |z21z2] = |z4] |22 v z,2,=772, (vi) |z|\/§2|R(z)|+|I(z)|
Wii) 2,2, +7,2, = 2R(z,Z,) (viii)| 2 | Ll

2, +2,| " z.| [z
If |z-2-i<2 and |w-5-D5i|<1,find the maximum and minimum of |z -w].

Z. +2
If w=-"21_"2

, the numbers being complex and  z; # z,, show that the necessary and sufficient condition
Z,-1,

for the real partof w tobezerois |zi =]z, .

Let f(z) = Z:akzk ,Where z=r(cos0+isin®) andeach ax isreal. Show that
k=0

f2) =D D r*a,a;cos(k-j)o.
k=0 'j=0
(i) Giventhat z;z,+ 0, use the polar form to prove that R(z,Z,) =|z,||z,| if and only if

argzp=argz;+2nt  (n=0,1,2,...)

(i) Giventhat z;z; # 0, use the above result to prove that |z; + z5| = |z1] + |zz] if and only if
argz;=argz;+2nt  (n=0,1,2,...)
Also, note the geometric verification of this statement.

Describe the following loci in the Argand diagram:

(i) argi—-T (i) lz-21]-z-2]=3
z-z, 6

(i) |z+3i-]z-3if=12 (vi) |z+3i]P+|z-3i*=90.

Let 2z, beafixed complex numberand R a positive constant. Show why point z lies on a circle

of radius R with centerat —z, when 2z satisfies any one of the equations.
() lz+z[=R;
(i) z+zp=R(cos¢+isiny) where ¢ isreal;

(i) z2Z+Z,z+2,2+2,Z,=R?
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(i)  Sketch on an Argand diagram the locus represented by the equation |z—-1|=1.

Shade on your diagram the region for which |z-1|<1 and mn/6<argz<m/3.

(i) Drawtheline |z|=|z-4| and the half-line arg (z-i)==n/4 inthe Argand diagram.
Hence find the complex number that satisfies both equations.

Use the polar form to show that
() il-iv3)(V3+i)=2+2iV3

(i) (“1+i)=-8(1+i)

(i) [@+iv3) " =2"(-1+iV3)

Express V3-i intheform r(cos6+isin®) ,where r>0 and -n<6<m.
Hence show that, when n s a positive integer, («/5 - i)n + («/5 + i)n =2" cosn—67t :
If (1+ i\/§)n =a, +ib, , where a,,b, arereal numbers, show that

a b —ab  =4"'3 and aa,,+bb ,=4"".
If n isapositive integer, show that
(i) (cos ®—isin@)" =cos nd —isin no
(i) (1-itan0)" (1 +itann@)=(1+itanO)" (1 —itan no)

0 if nisodd,

(i) @ +i)™+(@-i)* ={ 2" if n/2isan even integer,
-2" if n/2is an odd integer.

. L 1+sin@+icos0)" nm .. (nm
If n isapositive integer, prove that | —— | =cos| ——nO |+isin|——-nO | .
1+sin6—icosO 2 2

Solve the equation :  (cos 6 + i sin 0) (cos 20 + i sin 26) .... (cosn® +isinnB) =1.

If o and P aretherootsof t*-2t+2=0,express o and B intheform  r(cos @ +isin 6)

and show o™+ B*" = (- 1)" 2™ 'where m s an integer.

a,c are positive real numbers and b isacomplex number. Let f(z)= azz+bz+bZ+c

for every complex number z, where Z denotes the conjugate of z. Prove the following:
() af(2)=|az+D| +ac—|o’
(i) f(2)=0 forall z ifandonlyif [bf<ac

(iii) Theequation f(z)=0 has a solution if and only if |bJ*>ac
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(i) Prove algebraically that |z, + z5| <|z4| + |22 where 2z;,z, are complex numbers.

(i) Showthatif |a<2 for 1<n<N thentheequation 1+a;z+...+ayz =0 has no solution
1
suchthat |z]<= .
3
By considering the modulus of the left-hand side, prove that all the roots of the equation
7" cos 0p+ 2" 1 cos 0y + ... +C0S 0, =2

. . . 1
where 0g,...,0, arereal, lie outside the circle |z|=§ )

(i)  Prove that, for any complex numbers zy,z,, |z1+ zo]* + |21 — 2o = 2|za]* + 2]z,]* .

(i) Twosequences ag,a;,az,... and bg, by, by,... of complex numbers are defined as follows
ag=hby=c=cosO+isind
and a,,=a, +c’b,, b.,=a,-c’b, , for k>0.
Show that [aq)? + |boJ* = 2™ for all integers n>0.

Hence show that |an|s(\/§)n+l and |bn|s(\/§)n+l .

(i) Provethat,if 2z’s areany complex numbersand c is positive, then

s+ 2l <@+ ) Jzaf + (L + ¢ Y) 2o
Under what condition does the sign of equality hold ?

(i) Provealso that, ifthe a’s are positive numbers such that a;™ + ... +a,” = 1, then

|zo+ ...+ zofP <ap [z + ... + a0 |zo)



